Introduction
We wish to discuss some aspects of repetends, the repeating sequence of digits in the expansion of a fraction (for illuminating introductions to the subject see [1, 2] ). For the most part we restrict consideration here to fractions with a prime denominator. But we do consider the general condition for the length of repetends and examine some special cases when the base of the number system is varied. An illustration of the use of other bases than 10 is given. Then we consider the multiplication of repetends and show a connection with group theory, giving an old result by a new twist.
Next we continue in some degree our previous communication [3] . There we proved that a return plot of a repetend (i.e. using successive digit pairs as Cartesian coordinates), for alp where p is prime and p does not divide a, has a half-turn symmetry if the repetend has an even number of digits. For an odd number digit repetend, we show here that by constructing a structure we call a pseudo-repetend we recover the half-turn symmetry of the return plot in this case also.
Length of repetend in special cases
We deduce two lemmas from the basic conditions for a repetend's length. Lemma I. If the base is a perfect square then no fraction alq (with q an odd prime) can have full period.
The period length is the same for all a [1] . We consider the fraction XI q with q prime. We know from e.g. [1] , and the Appendix that the period length, L, in base 10 is the multiplicative order of 10 modulus q (hereafter written mod q). By the same argument in base x, the equation becomes x 1 = 1 (mod <?) which can give a different period length, L'. The full, i.e. maximum, period, would be given by L = q -1. For example the full period for base 10 is 6 when q -7. We assume that the base x is a perfect square and equal to r 2 . For q an odd prime, i.e. not 2, then (since (q -l)/2 is integral) We expand the left hand side of the equation using the binomial theorem (noting that (p -l ) / 2 i s a n integer) and obtain: a (p -1)/2 + m a n y terms (all integers) multiplied by p, as is easily seen by taking an example. Thus the left hand side of (1) is a Q> -1)/2 + p t i m e s a n integer and therefore equals 1 (mod/?). Therefore the lemma holds for half full period length repetends.
Clearly the same argument would show that arbitrarily long repetends will give the same result, since the index (p -1)1 x, occurring now in the equation corresponding to (1), is integral.
As a consequence of this lemma we see that for a given repetend with a denominator, p, which is prime, then the base x 2 ± ps, with s an arbitrary integer has the same repetend length as base x 2 . Consequently half full period length repetends are not restricted to bases which are square. Table 1 shows period lengths for 11p with p prime for bases 3 to 17. It is easy to see examples of both of the lemmas (and probably much else besides) in the data which it shows. Lemma I proves that there are no Is in the rows for 4, 9 and 16. Lemma II shows up in the repetitive structure in the first 5 columns. Note that the lemmas imply that there are no integral solutions in x and u for 2 + 3x = u 2 , or 3 + 5x -u 2 , or 3 + Ix = u 2 , etc. These results are usually obtained from the study of quadratic residues. It is interesting to see how they arise here in our different approach.
We now consider fractions with denominators in lowest terms which are not necessarily prime. Consider \ln and base = a. Let b be the number of digits in the repetend. For unity length repetends (b = 1) we have a = 1 (modn). The simplest solution is a -1 = n; there are of course infinitely many solutions.
For b < 2 then a 2 s 1 (modn) or a 2 -1 = (a -\){a + 1) = 0 (modn). We can take a + 1 = 0 (modn), from which a + 1 = n is the simplest solution. Since n can be composite both factors a + 1 and a -1 may contribute to a solution.
\ For b a divisor of 4 then a 4 = 1 (mod n) and, disregarding the b = 1 and b = 2 solutions, then gives a 2 = -1 (modn). The simplest example being a 2 + 1 = n. Again, n being composite entails that all or some factors may contribute to solutions.
For b = 3, we get a 3 = 1 (modn). Passing over the b = 1 contribution, leaves a 2 + a + 1 = 0 (mod«), for example a 2 + a + 1 = 3n. We have checked numerically a subset of these solutions, namely a = 3v+l.
In the more general case then (3y + l) 2 + (3y + 1) + 1 = sn not considering powers of n. Here 5 is an arbitrary integer. Equivalently we can write 9V 2 + 9y + 3 = sn. For s = 3, this gives 3V 2 + 3y + 1 = n. This is a (recondite) form we have verified numerically. As before, for composite n, the factors will contribute other solutions.
As a finale, let us return to basics. Why is b = 6 for n = 1 when the base is 10? It is because 10" = 1 (mod 7) is satisfied for no factor of n -1 (= 7 -1), i.e. not 1, 2 or 3.
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We could tackle this by using Lemma II: any base of form a ± xn = 10 ± 7A: will give the same period length. Taking base 10 -7 = 3 we see that the period for base 10 is the same as the period for base 3. To find this latter period we must test 3" s 1 (mod 7), for u = 1, 2 and 3. The arithmetic is easier!
Sets of a group
Now we turn to other properties of repetends. But first we must consider some group theory.
It is well known that the least positive residues (i.e. excluding 0), modulus any number, form a group under multiplication [4] . Let us consider the number 41. The above mentioned group has then 40 elements 1, 2, ... 40. (If the number were not prime, the group would have fewer elements; all residues not coprime to the number being excluded.) It is known that these elements can be generated by any primitive root of 41. The elements divide in this example into 8 sets, as discussed in [4] , of 5 elements. It can be shown that these sets are the cosets of the cyclic subgroup of the parent group, generated by a primitive root. The elements, r, in a given set give repetends r/41 which are cyclic re-orderings of each other. We have chosen 41 for this example in view of the large ratio of the number of sets to the number of elements in the group.
The number 41 has <J> (40) = 40(l -i ) ( l -i) = 16 primitive roots of which 6 is the least. <J> (r) is the Euler Function defined by -HK)K)HM wherep, q, s, ... are the distinct prime factors of r [2] . We choose the least primitive root to generate the sets in order to minimise the arithmetic. The 8 sets are given by 1, 6 8 , 6 16 , ...; 6, 6 9 , 6 17 , ...; etc. on to the 8th, which is 6 7 , 6 15 , 6 ... remembering that the powers are reduced mod 41 to give the smallest (positive) values. We obtain then the sets as 1,10, 18, 16,37; 6,19, 28, 14,17; on to 3, 7, 13, 29, 30. We label these sets as 0, I, II, ..., VII. Note that the O set is the sole set which is also a subgroup, as can be seen from the representations of the sets as powers of 6, the primitive root chosen.
Relation of these sets to multiplication of fractions
Now we turn to the fractions r/41 where r refers to the above sets. To each fraction there is a recurrent decimal representation. All of those with r in set O have the digits 02439 in that order or in one of its four cyclic variations. In fact, each of the eight sets has its special cyclic selection of digits to form its repetend. (This follows from the fact that the cyclic subgroup is generated by 10 and that the other cosets are formed by 'multiplying' this subgroup.) But the elements r as defined here form a group, as we stated earlier. So when we multiply an arbitrary r/41 by s(< 41) (and therefore a member of the group) we obtain rs (mod 41 of course!)/41. By the group multiplicative property, rs (mod 41) is a member of the group. Therefore it is a member of one of the sets which we have defined above. From the way that we have generated the sets we can identify the set to which the 'product' will belong. If for example r belongs to III then it is one of 6 3 , 6
11 , 6 19 , 6 27 , 6 35 or, more succinctly, it is of the form 6 3 + 8h , where h is an integer in the range 0 to 4.
Let s belong to IV. Then it is of the form 6 4 + %q for some q. So the product rs will have a sequence corresponding to 6 7 + (p + * )8 by addition of indices; i.e. it belongs to set VII. Returning to rs/41, this will then have a sequence, a repetend corresponding to set VII.
So the products rs/41 obey the multiplicative rule given in Table 2 ; as is well known for the group; but not so well known for the repetends. The sets can be generated by any primitive root of 41. Thus p 8 ' belongs to the set O where p is any primitive root, and t is an integer. Table 2 shows that the labels of the sets have an isomorphic 1-to-l relation with the group formed by the positive integers mod 8 where the group property, the 'product', is given by summation, O is the unit element and the inverse property is indicated by the inverse of element J being VIII -J, i.e. by subtraction. I  II  III  IV  V  VI  VII   0  0  I  II  III  IV  V  VI  VII   I  I  II  III  IV  V  VI  VII  0   II  II  III  IV  V  VI  VII   o   I   III  III  IV  V  VI  VII   o   I  II   IV  IV  V  VI  VII  0  I  II  III   V  V  VI  VII  0  I  II  III  IV   VI  VI  VII  0  I  II  III  IV  V   VII  VII   o   I  II  III  IV  V  VI   TABLE 2: Multiplication table for the sets of the residues modulus 41 
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The pseudo-repetend
For a repetend with an odd number of digits, we show now that if this repetend is followed by that of (p -1)1 p, to make a composite structure we call a pseudo-repetend, then 180° rotational symmetry of the return plot is recovered. This was suggested by L. J. T. Barr [5] . (We remind the reader that a return plot is obtained from a sequence a, b, c, d, e,f The proof is as follows, alp has the same length repetend for all integer a (see Appendix A). We have that l/p + (p -\)lp add to unity, obviously. But, for our so-called pseudo-repetend as defined above, this ensures that the Midy property [6] is true. As an example consider 1/53 and 52/53.
These individually have repetends 0188679245283 and 9811320754716.
Summing these two repetends as written gives 9999999999999 as it must since the sum of the fractions is 1. Consider the new pseudo-repetend (which clearly always has an even number of digits, n) defined to be the two repetends placed in sequence 01886792452839811320754716. We see immediately that it has the Midy property (i.e. the pair of digits r, (n/2 + r) add to 9) by virtue of the previous lines. But the Midy property is precisely the means whereby we could prove [3] that the return plot for even length repetends showed halfturn symmetry. Therefore this new type of repetend having an even number of digits will also show this symmetry.
Conclusion
We have considered some properties of prime denominator repetends in the general framework of their basic theory. All of this work was supported by numerical testing of the results; in fact the numerical results were obtained first and the modifications of the theory needed to explain them came later. May this be an encouragement to others!
